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Abstract—Initial stresses are inevitable in acoustic wave devices 

due to the complicated manufacturing process with ubiquitous 

thermal treatment procedures and environmental temperature 

changes.  In addition, acoustic waves have been utilized as force 

sensors which require a good stress-frequency relationship for 

measurement applications.  In other words, for both device 

performance improvement and precision sensors, a detailed 

analysis of the effect of initial stresses on surface acoustic wave 

velocity is essential in the device design and analysis.  With bulk 

acoustic wave force sensors based on the thickness vibration 

mode of piezoelectric plates available as products, we are 

naturally encouraged to study the relationship between initial 

stresses and phase velocity of surface acoustic waves in a finite 

solid for possible applications with the advantageous higher 

frequency.  In this study, we start from general equations of an 

elastic body under initial stresses for Rayleigh waves in a semi-

infinite solid, and the velocity equation under initial stresses is 

obtained.  We found that there is a good correspondence 

between the stress and velocity change, offering an opportunity 

to utilize the sensitivity of surface acoustic waves to stresses for 

sensor applications.  We further extended the results to an 

elastic plate with finite thickness for the velocity and initial 

stress relationship in a structure close to actual surface acoustic 

wave resonators.  We found that for plates with different 

thickness, the velocity versus stress exhibits a relationship 

similar in semi-infinite solids.  Since surface acoustic wave 

resonators are made with piezoelectric materials such as quartz 

crystals, we use the ST-cut of quartz crystal to calculate the 

surface wave velocity versus plate thickness relations under 

initial stresses. These methods and procedures can be applied to 

other piezoelectric crystals used in acoustic wave resonators for 

stress sensors. 

I. INTRODUCTION  

Initial stresses are inseparable with surface acoustic wave 
(SAW) resonators for many reasons including material 
processing stages and fabrication with thermal treatments 
inducing incompatible deformations and residual stresses and 
utilizing resonators as force and pressure sensors in many 
applications.  Consequently, a precise analysis of the effect of 
initial stresses on the SAW resonator frequency and 
performance is always required for design and fabrication.  
Although it cannot be transparent in the consideration of initial 
stresses since the magnitude and distribution of initial stresses 

are not known, or not as simple as we have been assuming in 
analytical studies, solutions based on simple analytical 
procedures and ideal stress distributions are still useful in the 
evaluation and control of the process.  In addition, more 
practical solutions can be obtained as the stress distribution is 
known and numerical solutions based on the actual structure 
with complications are obtained by following the analytical 
procedure.  Of course, in certain applications such as force and 
pressure sensors, simple structure is always sought with ideal 
distribution of external stresses as loadings.  In this case, 
analytical solutions will be important and applicable to actual 
devices. 

Because the importance of initial stresses in applications, 
studies on the analysis of such effects have been done out with 
different objectives and approaches [1-7].  The general 
procedure is to treat the initial stresses as a finite biasing field, 
and then the infinitesimal vibrations of surface acoustic waves 
are superimposed onto the deformed elastic body under initial 
stresses [2, 3, 6, 7].  This has been a general approach for the 
analysis of acoustic wave resonators under various biasing 
fields such as temperature change, acceleration, and electrical 
field [6, 7].   

In this study, we start with the formulation of elastic 
bodies under initial stresses by Biot [1].  For isotropic 
materials, relatively simple equations for SAW in both semi-
infinite solids and infinite plates under initial stresses have 
been studied earlier [8].  The results show that there are good 
correspondence between external stresses and SAW velocity, 
thus posing an opportunity for applications in force sensors.  
The equations and procedures are expanded to anisotropic 
materials, and good correspondence between the stress 
amplitude and SAW velocity is obtained.  The finite thickness 
of the plate does not change the behavior of SAW velocity 
under initial stress much, thus paving the way for smaller 
substrates in sensor applications. 

II. ELASTIC SOLIDS UNDER INITIAL STRESSES 

To study the effect of initial stresses on SAW in 

piezoelectric solids, we need to have equations and 

theoretical framework about the problem.  Fortunately, this 

has been studied as a general problem in solid mechanics 
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before with systematic research and contribution by many [1-

4, 6, 7].  We shall use equations as given by Biot [1] and 

employed researchers [9-11] for this study without going 

through the derivation procedure.  It is generally assumed that 

the initial stresses are applied first, and then the infinitesimal 

vibrations are superimposed onto the deformed solids. 

A.  Rayleigh Waves in Semi-infinite Solids Under Initial 

Stresses 

As always, we start our study with semi-infinite solids, 
which have been the physical model the Rayleigh waves are 
originated.  A typical semi-infinite solid under initial stresses 
is shown in Fig. 1 with material properties and wave 
properties. 

 

Fig. 1 A semi-infinite elastic solid under initial stresses 

For the problem shown in Fig. 1, stress equations of 
equilibrium are 
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If the material is isotropic, we only have two displacements 

coupled in the above equations; if the material is anisotropic, 

we shall have three coupled displacements to be considered.  

We emphasize this because we are going to work on 

anisotropic materials in this study. 

We assume the displacement components are 

( ) ( )[ ] ,3,2,1,expexp 12 =−= jctxikxkAu jj β  (3) 

where ( ) tckjAj  and,,,,3,2,1 β=  are the amplitudes, 

wavenumber, decaying index, phase velocity, and time, 

respectively. 

With (3), we have the strain components in abbreviated 

notations [12-14] as 
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Consequently, with anisotropic materials, we have stress 

components in abbreviated notations as 
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With displacement components in (3) and stress components 

in (5), we can obtain the stress equations of motion through 

substitutions as 
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where the initial stresses have been replaced as 
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From (6), we can obtain three decaying indices, as we are 

familiar from the Rayleigh wave solutions, then 

displacements in (2) can be written as 
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With (8), the stress components associated with the free 

surface shown in Fig. 1 in () are 
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Now we have the displacement and stress expressions, 

which are needed to apply appropriate boundary conditions.  

Solutions like given in (9) are straightforward from Rayleigh 

waves and with known boundary conditions.  The 

consideration of the initial stresses is actually hidden in (6), 

and cannot give an expression explicitly.  As a result, the 

effect has to be evaluated and considered through numerical 

solutions to these equations. 

III. NUMERICAL EXAMPLES 

There are many reasons we need to consider initial stresses 
in SAW resonators, such as the performance change and 
manufacturing process evaluation, but applications in force 
and pressure sensors top the list in this study.  For this reason, 
we calculated the effect of initial stresses on the phase velocity 
of SAW for both semi-infinite and infinite plates as substrates 
of anisotropic materials.  These results will be useful in the 
design and evaluation of resonators and sensors. The 
consideration of infinite plates with finite thickness requires to 
include displacements in addition to Rayleigh waves. 
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A. SAW in Semi-infinite Substrates with Initial Stresses 

First we consider the substrate is a semi-infinite 
anisotropic solid under initial stresses as shown in Fig. 1.  We 
consider a typical semi-infinite substrate of ST-cut quartz 
crystal with external stress applying in the X1 direction, which 
is also the direction of SAW propagation. 

The boundary conditions are actually the traction-free 
surfaces, or we require 
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With stress components in (9), we have (10) as 
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For the evaluation of (11) with initial stresses implied 
through decaying indices, we make the following 
normalization of variables 

./,/,/ 66006611 ρccccCcPP ===   (12) 

With substrate material as ST-cut quartz crystal, we 
calculated the phase velocity C versus initial stress P1 with 
results shown in Fig. 2.  It is clear that there are good 
correspondence between the magnitude of the initial stress in 
the wave propagation direction and the SAW phase velocity.  
Results like this can be used to study the phase velocity shift 
in resonators with initial stresses due to manufacturing and 
packaging, since such shifts are generally harmful to resonator 
performance and they should be avoided as much as possible.  
Of course, such results can also be used for the design and 
analysis of SAW sensors for force and pressure.  Initial 
stresses in other direction may pose challenges due to the 
appearance of specified terms in the boundary conditions.  

 

 

Fig. 2  Normalized SAW velocity in a semi-finite substrate 
of ST-cut quartz crystal under initial stress in the 
wave propagation direction (X1) 

B. An Infinite Anisotropic Plate Under Initial Stresses 

Although quartz crystal substrates in SAW resonators are 

relatively thick, they may not be considered as semi-infinite 

since we know they are finite.  Consequently, it is of interests 

to study SAW in an infinite plate which is closer to actual a 

resonator.  In this case, we need to consider the effect of the 

finite thickness as we have done before by including the 

exponentially growing modes in the displacements and stress 

terms.  Consequently, the displacements are 
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where Ci (i=1,2,3,4) are amplitudes to be determined and the 

indices are from (6) in pairs.  The ratios of displacement 

amplitudes are 
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As a result, we can obtain strain components, and the stress 

terms can be obtained through constitutive laws.   

The boundary conditions with two free surfaces are 
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It should be pointed out that the thickness of the plate is now 

included in equations.  For simplicity, we make the following 

normalization of variables 
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in addition to (12).  In (16), ς  is the wavelength. 

We now evaluate the effect of initial stress again in the 

wave propagation direction (X1) with different amplitudes and 

thickness.  We have plotted the phase velocity versus 

amplitudes in Figs. 3, 4, and 5. 

 

 
 

Fig. 3  Phase velocity of SAW in an ST-cut quartz crystal 

plate with thickness of 3 wavelengths 
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Fig. 4  Phase velocity of SAW in an ST-cut quartz crystal 

plate with thickness of 4 wavelengths 

 
Fig. 5  Phase velocity of SAW in an ST-cut quartz crystal 

plate with thickness of 5 wavelengths 

 

It is clear from above figures that if the thickness of the 

infinite plate is less than 5 wavelengths, we need to consider 

the exponentially growing modes and the SAW phase 

velocity will have two components.  Since the two velocities 

will approach to Rayleigh wave velocity for thickness over 5 

wavelengths, there is no advantage to use thinner substrate 

and the velocity of substrate over 5 wavelengths should be 

treated as one frequency. 

IV. CONCLUSIONS 

By utilizing general equations of elastic solids under 

initial stresses by Biot, we obtained a set of equations for 

SAW in anisotropic materials.  The equations are further 

modified with the consideration of the substrates as semi-

infinite solids and infinite plates with finite thickness.  The 

main differences are in the inclusion of the exponentially 

growing modes in the plates and two traction-free surfaces.  

Consequently, there will be more equations for the 

determination of phase velocity. We have numerical results 

for anisotropic substrates of semi-infinite solids and infinite 

plates of ST-cut quartz crystal in terms of initial stresses and 

SAW velocity. The effect of initial stresses in the wave 

propagating direction is examined in detail.  The results show 

that the phase velocities are closely related to amplitudes of 

initial stresses, exhibiting a nice correspondence suitable for 

sensor applications.  We also found that while there is a gap 

between two SAW velocities for smaller plate thickness, the 

velocity will approach to the Rayleigh waves when the 

thickness is over 5 wavelengths.  

Since the effect of initial stresses and other bias fields that 

produce stress effects, like the thermal and acceleration, are 

important in resonators for frequency reference and sensor 

applications, thorough study on the formulation and solution 

is of practical importance.  The results presented in this paper 

can be improved with incremental field theory familiar in the 

piezoelectric acoustic wave device design and analysis. 
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